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PART I
In this part we shall construct some Riemann surface to construct singular points, non N-minimal points and to show that there exists a Riemann surface which has the set of singular points of first kind of the power of continuum.
1. Concentrating ring C.R. $(\alpha, \epsilon)$ . If a Riemann surface with finite genus has two circular relative boundaries, we call it a generalized ring. We call an ordinary ring a simple ring. Let $ R:1<|z|<\exp\alpha$ be a simple ring with module $\alpha;1<|z|<\exp\alpha$ . We shafl construct from $R$ a generalized ring G.R. such that any harmonic function such that $|U(z)\int\leqq 1$ in G.R. must satisfy the condition $|\max_{|z|=\exp\frac{\alpha}{2}}U(z)-\min_{\}z|=\exp\frac{\alpha}{2}}U(z)|<\epsilon$ on a circle $|z|=\exp\frac{\alpha}{2}(in$ the following we say that $U(z)$ has aberration $<\epsilon$ on $|z|=\exp\frac{\alpha}{2})$ . We call such a ring a concentrating ring and denote it by C.R. $(\alpha, \epsilon)$ .
$a)$ . Determining an integer $m:m\geqq 4$ . Let $U(z)$ be a harmonic function in a simple ring S.R: $\exp\frac{\alpha}{3}<|z|<\exp\frac{2\alpha}{3}$ such that $0\leqq U(z)\leqq 1$ and continuous on $|z|=\exp\frac{\alpha}{3}$ and on $|z|=\exp\frac{2\alpha}{3}$ . Then $U(z)=\frac{1}{2\pi}\int_{\partial(S.R.)}U(z)\frac{\partial}{\partial n}G(\zeta, z)ds$ , where $G(\zeta, z)$ is the Green's function of the above ring. identify two edges of $s_{1j}$ and $s_{1j}^{\prime}$ lying symmetrically with respect to $I_{1,1}$ (real axis). Next in $H_{2}+H_{2}^{\prime}$ identify two edges of $s_{2j}$ and $s_{2j}^{\prime}$ lying symmetrically with respect to $I_{2,1}$ (imaginary axis). Let $E_{i,k}$ be a circular echelon $(i=1,2, \cdots, m),$ $k=1,2,3,$ $\cdots 2^{i-1}$ ) and $I_{i,k}$ be a diameter such that $E_{i,k}$ : exp $(i-1)\gamma<|z|<\exp(\alpha-(i-1)\gamma)$ , $\frac{2\pi}{2^{i-1}}(k-1)<\arg z<\frac{2k\pi}{2^{i-1}}$ .
$I_{i,k}$ : $0\leqq|z|<\exp(\alpha-(i-1)\gamma)$ , arg $z=\frac{2\pi}{2^{i-1}}(k-1)+\frac{2\pi}{2^{i}}$ or $\frac{2\pi}{2^{i-1}}(k-1)+\frac{2\pi}{2^{i}}+\pi$ .
In every $E_{ik}\cap(H_{i}+H_{i}^{\prime})(i=8,4, \cdots, m)$ identify two edges of' $\sum(s_{ij}+\sum s_{ij}^{\prime})$ lying symmetrically with respect to $I_{ik}(k=1,2,8, \cdots, 2^{i-1})$ . Then we have identified every $s_{ij}$ and $s_{ij}^{\prime}$ contained in the simple ring and we have a generalized ring G.R. We shall prove such G.R. is a C.R. $(\alpha, \epsilon)'$ . Let $U(z)$ be a harmonic function in G.R. such that $|U(z)|\leqq 1$ .
Z. Kuramochi
Let $T_{1}(z)$ be the inversion with respect to $I_{11}$ (real axis). Since G.R. has symmetric structure, $U(T_{1}(z))-U(z)$ is harmonic in G.R. and $U(T_{1}(z))-U(z)=0$ on $\sum(s_{1j}+s_{1j}^{\prime})$ . Now the echelons Let $\tau_{2}(z)$ be the rotation about $z=0$ such that arg $\tau_{2}(z)$ -arg $ z=\pi$ .
Then $\tau_{2}(z)=T_{1}T_{2}(z)$ for $z\in E_{21}$ and $\tau_{2}(z)=T_{1}T_{2}(z)$ for $z\in E_{22}$ .
Hence $|U(\tau_{2}(z))-U(z)|<|U(T_{1}T_{2}(z))-U(T_{1}(z))|$ $+|U(T_{1}(z)-U(z)|<2\epsilon^{\prime}$ on $\cdot$ $\Gamma_{2}+\Gamma_{2}^{\prime}$ .
$\hat{H}_{2}$ is invariant with respect to $\tau_{2}(z)$ and $U(\tau_{2}(z))-U(z)$ is harmonic in $\hat{H}_{2}$ , whence by the maximum principle
where
is the rotation about $z=0$ such that arg $\tau_{-2}(z)$ -arg $ z=-\pi$ .
Let $T_{3,k}(z)$ be the inversion with respect to $I_{3,k}(k=1,2)$ . Then
and vanishes only on $(E_{S,k}+E_{3,k^{\prime}})\cap(\sum(s_{3,j}+s_{3,j}^{\prime}))$ , where
Let $\tau_{3}(z)$ be the rotation about $z=0$ such that arg $\tau_{3}(z)$ -arg $z=\frac{\pi}{2}$ .
Then $\tau_{3}(z)=T_{3,2}T_{2}(z)$ for $z\in E_{3,2}+E_{3,3}$ and $\tau_{3}(z)=T_{3,3}T_{1}(z)$ for $z\in E_{8,2}+E_{3,4}$ . Now $T_{3,2}T_{2}(z)$ and $T_{2}(z)$ for $z\in E_{31},(orE_{3,3})$ are contained in the same $E_{3,4}$ (or $E_{3,2}$ ), whence by (4)
Hence by (4), (1) and (2)
Hence by the maximum principle
Similarly
Let $z$ and $z^{l}$ be points in $E_{3,2}$ and $E_{3,4}$ such that $T_{3,1}(z)=z^{\prime}$ . Then there exists $\tau_{2}(z)$ such that $T_{3,4}(\tau_{2}(z))=z^{f}$ i.e. $T_{3,4}(\tau_{2}(z))=T_{3,1}(z)$ . Now $T_{3,4}(\tau_{2}(z))$ and $\tau_{2}(z)$ are contained in $E_{3,4}+E_{S,2}$ and $T_{3,4}(\tau_{2}(z))=z^{\prime}$ . Hence
Hence by (6) $|U(T_{3,1}(z)-U(z)|<3\epsilon^{\prime}$ on $(\Gamma_{3}+\Gamma_{3}^{\prime})$ and by the maximum principle
Let $T_{i,j}(z)$ be the inversion with respect to $I_{i,j}$ and $\tau_{i}(z)(\tau_{-i}(z))$ be the
Then we shall prove that the above inequalities hold for $i+1$ , Similarly as (6)
parts, for any $z\in(\Gamma_{i+1}+I_{i+1}^{\prime})$ there exist $T_{s,t}(s\leqq i+1)$ and $T_{i+1,j}(z)$ such that $\tau_{i+1}(z)=T_{i+1,j}T_{s,t}(z)$ and both $T_{i+1,j}T_{s,t}(z)$ and $T_{s,t}(z)$ are contained in the same $E_{i+1,j}$ . Hence $|U(\tau_{i+1}(z))-U(z)|<$ $|U(T_{i+1}T_{s,t}(z))-U(T_{s,t}(z))|+|U(T_{s,t}(z))-U(z)|\leqq 2i\epsilon^{\prime}$ . on $(\Gamma_{i+1}+\Gamma_{i+1}^{\prime})\cap F_{s.k}$ by (9) and (10).
$\hat{H}_{i+1}$
is invariant with respect to
is harmonic in $\hat{H}_{i+1}$ , whence by the maximum principle
and $z$ are contained in the same $E_{i+1,k}$ and $T_{i+1,k}(\tau_{s}(z))=z^{\prime}=T_{i+1,1}(z)$ .
$\hat{H}_{i+1}$ has symmetric structure with respect to $I_{i+1,1}$ and $U(T_{i+1,1}(z))-U(z)$ is harmonic, whence by the maximum principle
$(i=1,2,3, \cdots, m)$ and $j=1,2,\cdots,$ $2^{m}$ Thus (8) and (9) are valid for every $i$ and , we say that a sequence $\{p_{j}\}$ $(j=1,2, \cdots)$ converges to $\mathfrak{p}$ . Let $U(z)$ be a harmonic function in $R-R_{1}$ such that $U(z)$ has M.D.I. over $R-R_{1}$ among all harmonic functions with value $U(z)$ on $\partial R_{1}$ , we say that $U(z)$ is harmonic in $R-R_{1}$ .
Lemma 1. $a$ ). Suppose N-Martin's topology is defined in $R-R_{0}$ and the distance $\delta(p, q)$ is defined as exp $(\log r_{2n+2}+\frac{1}{4}\beta_{n})<|z|<\exp(\log\gamma_{2n+2}+\frac{8}{4}\beta_{n})$ and arg $z=\frac{2\pi}{2^{m_{n}}}j$ :
where $m_{n}$ is a number such that every positive harmonic function
2) We abreviate the previous paper Proof of $b$ ). By Lemma 1. b) there exists a number $n$ such that
Clearly $\omega_{n}(z)=\frac{\log|z|}{\log r_{2n+1}}$ , since $\sum s_{ij}$ are radial slits. ,Hence
Hence by the maximum principle $w_{n}(z)\leqq\frac{1}{m-1}$ on $R_{n}(A_{m-1}^{*})$ . Let $\backslash l\rightarrow\infty$ and then $ n\rightarrow\infty$ and then $ m\rightarrow\infty$ . Then 
Let $A_{n}^{*}$ be the same concentrating ring C.R. $(\alpha_{n},$ $\frac{1}{n})$ defined in Example 1. Let $C_{B,n}$ and $C_{Bn}^{\prime}$ be circles in $B_{n}$ cited below:
Clearly $\omega(s_{n}, z)\downarrow 0$ as $t_{n}\rightarrow 0$ , i.e. as the length of $s_{n}\rightarrow 0$ . Hence there exists a number $m_{n}$ such that $\omega(s_{n}, z)<\frac{1}{2^{n+2}}$ on
Then $\omega(s_{n}, z)\sim<\frac{1}{2^{n+1}}$ on $C_{B_{n}}+C_{B_{n}}^{\prime}$ and by the
In every $B_{n}$ we make a slit $s_{n}$ mentioned above and denote by $B_{n}^{*}$ the $B_{n}$ with a slit $s_{n}$ . 
Hence by (17) Put $\Re_{n,n+i}=R(A_{n}^{*})+\hat{R}(\hat{A}_{n+1}^{*})$ (see Fig. 6 ). Then $\Re_{n,n+i}$ is bounded by
and then $ n\rightarrow\infty$ . Then $\omega_{n,n+i}(z)\Rightarrow\omega_{n}(z)$ and $\omega_{n}(z)\Rightarrow C.P$ . determined by a sequence $\{R^{*}-R(A_{n}^{*})\}(n=1,2, \cdots)$ which we denote by $\omega(B, z)$ .
and $<1$ on $\sum s_{i}$ and $\omega_{n,n+i}(z)=0$ on 
Clearly $U(z)$ is a harmonic function in the limit surface $R=\lim_{i}R_{i}$ and $U(P(z))-U(z)=0$ on endpoints of $\sum s_{j}$ , whence $U(z)$ is non constant. This contradicts the maximum principle. Hence
Intense connection $a$ for two-sheeted Riemann surface. Let 
where $ 7\beta_{n}<\alpha$ . In $L_{i}$ and $L_{i}^{\prime}(i=1,3)$ we make slits for intense connection for . These slits contained in $L_{i}$ and $L_{i}^{\prime}$ must be conformally equivalent. In $L_{2}$ and $L_{2}^{\prime}$ we make slits and identify their edges so that every harmonic function 1 $U(z)|<1$ in $L_{2}(L_{2}^{\prime})$ has circular aberration $<\frac{\epsilon_{n}}{2}$ on $\Gamma_{2}(\Gamma_{2}^{\prime})$ . Hence we have a generalized ring $I(1)$ with two concentrating ring $L_{2}$ and $L_{2}^{\prime}$ and has slits for intense connection for on $|z|=\exp\gamma$ , we have
On the other hand, $D_{A_{j}}(U(z)-U_{j}(z)\approx, U_{f}(z))\approx=0$ , whence
In case $A_{j}\in\{A_{j}^{\prime\prime}\}$ , we have similarly the above inequality. In case $A_{j}\in\{A_{j}^{\prime\prime\prime}\}$ ,
Let $ n\rightarrow\infty$ . Then we have the lemma.
Example 3. We shall construct a Riemann surface which has singular points of first kind of power of continuum.
3.1. Let $A_{0}$ be a rectangle: $ 0<{\rm Re} z<\log 2,0<{\rm Im} z<2\pi$ .
Let $A_{i_{1},i_{2},\cdots.l_{n}}(i_{1}=1,2. i_{2}=1,2\cdots, i_{n}=1,2)$ be a rectangle such that $(\log 2)(1+\frac{1}{2}+\cdots,$ $\frac{1}{2^{n-1}})<{\rm Re} z<(\log 2)(1+\frac{1}{2},$ $\cdot.\cdot\cdot+\frac{1}{2^{n-1}}+\frac{1}{2^{n}})$ ,
For every $A_{i_{1},:_{2},\ldots,in}$ identify the two segments b). The part of $\Re_{1}$ lying over ${\rm Re} z>(\log 2)(1+\frac{1}{2})$ is now a generalized ring with slits for intense connection. c). The part of $\Re_{1}$ lying over log $2<{\rm Re} z<(\log 2)(1+\frac{1}{2})$ has no slits, since the intense connection is performed and the part over $A_{1}(A_{2})$ is a folded concentrating ring $(\log 2,$ $\beta_{1}q_{2},$ $\frac{1}{10})$ .
Suppose n-l-th step is performed.
n-th step is as follows: Let $I^{n}(i)$ be examplars cited below: Fig. 13 ). $ p_{4}xamp\iota$ es $0\int o\iota ngu\iota ar$ t'omts
is a generalized ring connected crosswise on $\sum_{k}s_{1,1,k}$ and has four relative boundaries $\beta_{1},$ $\beta_{2},$ $\beta_{3},$ $\beta_{4}$ (see Fig. 13 ). is added newly at the n-th step, one of $\beta_{1},$ $\beta_{2},$ $\beta_{3},$ $\beta_{4}$ must be contained in $B_{l_{1}\cdots i_{n}}$ on which $w(z)=0$. Now 
where $\tilde{\omega}(z)$ is a harmonic function in $A_{0}$ such that Then by (34) $|A_{m}(i_{1}, i_{2},\cdots , i_{n})|\leqq|a_{i_{1}\cdots i_{n}}^{1}-a_{t_{1}\cdots i_{n}}^{2}|+\frac{2}{10^{n}}$ .
Put $A_{m}^{\prime}(i_{1}, i_{2}, \cdots, i_{n})=\max|\omega_{m}(z^{f})-\omega_{m}(z^{\prime\prime})$ , where $z^{\prime}\in 2\Gamma_{i_{1}\cdots i_{n-i}}^{D}$ and $z^{\prime\prime}\in 1\Gamma_{i_{1},\ldots l_{n-1},i_{n}}^{D}$ : $n\geqq 2$ .
Then by (34) $|A_{m}^{\prime}(i_{1}, i_{2}, \cdots, i_{n})|<|a_{i_{1}\cdots t_{n-1}}^{2}-a_{i_{1}\cdots i_{n}}^{1}|+\underline{2}$ .
$10^{n-1}$
Now by (34) , (33) and (31) $|a_{i_{1}\cdots i_{n}}^{1}-a_{l_{1\prime}\cdot\cdot i_{n}}^{2}|<\sqrt{}(\frac{2\pi}{\log 2})\frac{\overline\log 2}{2^{q_{n}}\times 2\pi}+\frac{2}{10^{n}}=\frac{1}{2^{n}}+\frac{2}{10^{n}}$ .
: $q_{n}=2n$ .
Similarly by (34), (33) and (82) $|a_{i_{1}\cdots i_{n-1}}^{2}-a_{l_{1}\cdots t_{r-1}.i_{n}}^{1}|<\sqrt{}(\frac{\overline 2\pi}{\log 2})\times\frac{\log 2}{2\pi\times 2^{2(n-1)}}+\frac{2}{10^{n-1}}=\frac{1}{2^{n-1}}+\frac{2}{10^{n-1}}$ .
We show $0$) $(p, z)>0$ . Assume $\lim_{m}\omega_{m}(z)=0$ . 
be a ring ( $A_{n}$ is a rectangle in itself, but for the simplicity in this paper we call a ring) such that $-n(\log 100)<{\rm Re}\xi<-(n-1)$ log 100, $ 0<{\rm Im}\xi<2\pi$ . 
: ${\rm Re}\xi=-n(\log 100)+\gamma,$ $ 0\leqq{\rm Im}\zeta<2\pi$ .
$\hat{\Gamma}_{n}$
: ${\rm Re}\xi=-(n-1+\frac{1}{2})\log 100,0\leqq{\rm Im}\xi<2\pi$ .
$\Gamma_{n}^{*}:$ ${\rm Re}\xi=-c_{n}$ : $-2\gamma+n$ log $100>c_{n}>2\gamma+(n-1)$ log 100, $ 0\leqq{\rm Im}\xi<2\pi$ . where $\gamma=\frac{\log 100}{8}$ .
We make slits in $H_{n}$ and $H_{n}^{\prime}(n\geqq 2)$ parallel to the real axis for intense connection for n-th step. This sequence $\{\Gamma_{n_{i}}\}$ depends on the function $U(z)$ .
Put $\epsilon_{n}l^{-}--\int_{\Gamma_{ni}^{*}}|\frac{\partial}{\partial n}U(z)|ds$ .
Let $\tilde{\Gamma}_{n_{l}}^{*}$ be the set of Sl lying over $\Gamma_{n_{i}}^{*}$ (see Fig. 15 
where $\Theta_{n,n-1}(E)$ depends on $\omega_{m}(z)$ . 
